We give a Lagrangian formulation for the theory of Rastall of gravitation. After proposing a Lagrangian density that reproduces the equations of motion postulated by Rastall, we study the cosmological consequences and fit the parameters using recent data from Hubble function H(z). According to two model selection criteria, one based on corrected Akaike Information Criterion (AICc) and another on Bayesian Information Criterion (BIC), known to penalize models with a greater number of parameters, particularly BIC, we obtain some competitive models relative do ΛCDM. In one of these models the cosmological constant is interpreted as having origin in the creation of matter due to time dependent gravitational field, as opposed to the origin in the vacuum energy.
Introduction
Since the acceleration of the universe was discovered [1, 2] , the simplest and most effective explanation to date is to consider the famous cosmological constant created by Einstein almost a century ago [3, 4] . Such a constant, originally conceived to describe a static universe [5] , is now used to provide the energy necessary to make the universe expand with acceleration in a context of exclusively attractive gravity. Such energy is called dark energy [6, 7] .
The simplest explanation for the nature of dark energy is that it is the energy of the vacuum, that is, the intrinsic or fundamental energy of a certain volume of "empty" space [6] . This energy corresponds, in the theory of General Relativity, to the effect of the cosmological constant, Λ. The observations concerning supernovae leading to the conclusion that the universe is in accelerated expansion are consistent with a very small and positive value for this constant, of the order of 10 −29 g/cm 3 [8, 9, 10] . The problem of the cosmological constant [11, 10, 12, 13, 14] is that the quantum field theories predict a much larger value for this constant, from the calculation of the energy of the quantum vacuum [15] . In fact, in quantum mechanics, particle and antiparticle pairs are constantly being created from the vacuum, and although these pairs exist for an extremely short time before mutually annihilating each other, this process contributes to the vacuum energy, obtaining a value that, depending on the theory that is used, can be 120 orders of magnitude greater than the value mentioned above and necessary to explain the observations [8] . This is currently seen as one of the fundamental problems of physics and there is currently no solution for it.
Another problem related to the cosmological constant is the so-called problem of cosmic coincidence [16, 17] , which consists in the fact that there is an approximate coincidence between the energy density of the vacuum and the density of matter in the present universe. This is particularly strange given that the relative balance between these energies varies rapidly as the universe expands. In fact, in the primordial universe the energy of the vacuum was negligible in comparison to the matter whereas recently the situation was inverted and it is the energy of the vacuum that began to dominate. There is then a relatively short period in the history of the universe where these energy densities are comparable and it seems a strange coincidence that this period is precisely around the present [18] .
One of the pretensions of this article is to provide a possibility of investigation regarding these problems. The approach chosen is to revisit Rastall's theory of gravitation by providing a formulation of the theory via variational principle [19, 20] . Rastall's theory proved resistant to a formulation by a variational principle for about 45 years [21, 19, 22] .
Starting from the proposed Lagrangian density, we obtain the equations of motion and apply them to cosmology. Considering a homogeneous and isotropic universe and using a perfect fluid as constituent material, we obtain the dynamic equations of cosmology. After fitting data for the Hubble function H(z) in terms of the red shift z and using goodness of fit measures based on information theory (corrected Akaike information criterion, AICc) and Bayesian analysis (Bayesian information criterion, BIC), we will see that several of the proposed models fits the data very well, competing with the standard cosmology model with few extra parameters. Some of these models do not consider the cosmological constant as originally conceived. This result encourages us to attack the problem of the cosmological constant from a conventional point of view of the extended theory of relativity, but whose price to be paid is to admit the possibility of creation of matter in large scales originating from the variation of the curvature of space-time.
This article is organized as follows: in section (2) we have a brief review of Rastall's theory followed by a section on its formulation via variational formalism. Section (4) establishes the cosmology equations and in section (5) we use recent data from H(z) to fit several models. The discussion and conclusion in the last two sections conclude the paper.
Rastall's theory of gravitation
Consider the Einstein equation of general relativity (GR), G µν = κT µν , κ is a constant, G µν ≡ R µν −1/2g µν R is the Einstein tensor and T µν the energy-momentum tensor. The Einstein tensor G µν has the peculiar property that ∇ ν G µν = 0, as we know from the identities of Bianchi [23] . This peculiarity of G µν is unjustifiably extended to the stress-energy tensor, and it is considered to be true that ∇ ν T µν = 0. But what can be asserted about the covariant divergence of a arbitrary tensor K µν is that ∇ ν K µν = λa µ , λ is a constant and a µ is a vector. Several extensions of GR consider the possibility of a violation of ∇ ν T µν = 0, among which we can mention the f (R, T ) [24] and f (R, L m ) [25] theories, where R is the Ricci scalar, T is the trace of the energy-momentum tensor, and L m is the Lagrangian for matter.
An older theory involving modified gravity violating ∇ µ T µν = 0, a particular case of the f (R, T ) theories mentioned above, is the theory of Rastall [21] . In this theory, a dependency of the covariant divergence of the stress-energy tensor is postulated with the Ricci scalar and is given by T µν ;µ = λR ;ν , where λ is a constant [21] . In this way, the field equations in the original formulation of Rastall's theory are
General relativity is recovered if λ = 0. Another useful parameterization of Rastall's model, this time with the cosmological constant Λ inserted, is as follows:
and
where T = g µν T µν is the trace of the stress-energy tensor and γ = (6κλ − 1)/(4κλ − 1). The cosmological constant was considered as having geometric origin as a result of the identity of Bianchi
One of the criticisms of the model of Rastall is that it does not come from a variational principle. One of the objectives of this study is to provide such a principle. From the proposed Lagrangian emerges an equation for the covariant divergence of the energy-momentum tensor that contains an extra term, not present in the original theory. We investigate the effects of this extra term in the context of cosmology, comparing the results with the conventional Rastall's theory. We will see that the term involving the cosmological constant should be corrected in a formulation from a variational principle.
The Lagrangian
We propose the following Lagrangian density, composed of the Einstein-Hilbert Lagrangian L EH and a Rastall Langrangian
where g is the determinant of the metric tensor, L m is the Lagrangian density due to matter, κ and α are constants andT µν is a arbitrary tensor. Note that the trace ofT µν appears explicitly in the Rastall Lagrangian density and that, curiously, this Lagrangian consists essentially of the equations of motion of general relativity. In a system of units where c = G = 1, we can write the action as follows:
with κ = 8π and f (R, T ) = (1 − α)R + 2Λ + 8παT . Rastall's theory can be formulated as a particular case of the f (R, T ) theory. Formulated in this way, several results for general f (R, T ) theory can be used [24, 26] .
Using the well-known facts
the field equations are
with T (eff)
For α = 0 we get general relativity.
We see from Eqs. (3) and (8) that to obtain the theory of Rastall starting from the Lagrangian given by (4), we must have i)
which implies
respectively, with 2Λ ≡T − T andT
Finally, the equations of motion are
Comparing equations (11) and (2) we see that Rastall's theory in the original version and in the version derived from the variational principle are different with respect to the term with the cosmological constant. In Rastall's theory as proposed here, the cosmological constant as geometry fully on the left side of the field equations can not be interpreted as equivalent to matter-energy (vacuum energy) on the right side of the field equations as is commonly done in general relativity.
To better understand the point in question, we write equation (11) as follows:
In Eq. (13) we divide the factor that corresponds to the cosmological constant into two parts: one associated with geometry and another with matter-energy. The degree to which Rastall's theory departs from general relativity is measured by how much γ is different from 1, that is, it is measured by the intensity of the cosmological constant due to matter-energy only plus the term corresponding to the trace of the energy-moment tensor. For future discrimination between these two effects, we rewrite Eq. (13) as follows:
where the cosmological constant due to matter-energy creation is indicated byΛ.
Cosmology
We will consider the homogeneous and isotropic Friedman-Lemaitre-Robertson-Walker (FLRW) universe with scale factor a,
where K = 1, 0, −1 is the spatial curvature constant. For a perfect fluid given by
with pressure p, density of energy-matter ρ and u µ u µ = 1, we have T = ρ − 3p and the cosmology equations from (12), (14) and (15) are
Eqs. (17) and (18) are the Friedmann's and acceleration equations, respectively. From Eq. (12) we havė
If we use the equation of state p = ωρ, the cosmological equations (17), (18) and (19) are
andρ
The solution of Eq. (22) is
with A = 6(1+ω) 3−3ω+γ(3ω−1) , ρ 0 and a 0 are constants. Considering dust matter (ω = 0), radiation (ω = 1/3) and cosmological constant (ω = −1), only for dust matter the expression of ρ is modified by the presence of the constant γ. In this case, ρ ∼ a 
We see from Eq. (24) that it is possibleä > 0 for Λ =Λ = 0. The conditions forä > 0 are:
Cosmological parameters
Observing supernovae, astronomers measure their brightness and redshift. From the brightness we deduce its distance, and from the redshift, the scale factor a(t) at that time. We can express the results of data reduction in terms of the Hubble parameter H 0 and the dimensionless parameter Ω 0 . We can write the Friedmann equation according to these conventions. Hubble parameter is defined as
which is a function of time with present value denoted by H 0 . The density parameter is defined as
which is also a function of time. With ρ 0 and H 0 , its present value is Ω 0 . Ω = 1 corresponds to K = 0, Ω < 1 corresponds to K < 0 and Ω > 1 corresponds to K > 0. The redshift parameter is defined as
At present, z = 0 and therefore y = 1. It is convenient to set a to unity at the present time, t 0 and a(t 0 ) ≡ 1. According to this notation, Friedmann's equation becomes
Because K is a constant, we express it in terms of the present values of the Hubble parameter and the density parameter,
Supposing that Ω 0 pertains to energy in three possible forms, we decompose it into
where Ω m pertains to matter, Ω r pertains to radiation, and ΩΛ(≡ Ω Λ + ΩΛ) pertains to vacuum and "creation of matter", all present values. Each component of energy density among these depends on the scale factor a differently: ρ ∝ a −A ; the density ρ as a function of a is expressed as
The Friedmann's equation in terms of currently observable parameters, H 0 , Ω m , Ω r , Ω Λ and ΩΛ becomeṡ
or, equivalently:
In the next section we will use the Hubble function expressed in Eq. (34) to fit the observable parameters using recently obtained experimental data for H(z).
Fitting data
Using data from [27] we fit cosmological parameters present in Eq. (34) . Such data are shown below and are plotted in 
Concluded
We will fit the H(z) data using some cosmological models proposed below, many of them from equation (34) and two from purely phenomenological origin proposed in [29] . These two purely phenomenological models are oscillatory models that best fit the data proposed in [29, 30] . They are included here for purposes of comparison with the models motivated by equation (34) and for an update of the conclusions obtained in [29, 30] with more recent data available.
Table (1) shows 12 models studied plus ΛCDM model considered as benchmark. Of the 12 proposed models, 10 are particular cases of equation (34) and 2 are the oscillatory models mentioned. For example, the most complex model is the model (H) where Ω m represents baryonic matter, Ω K represents "matter associated with the curvature of spacetime," Ω r is associated with radiation and ΩΛ represents the matter associated with the cosmological constant due to matter creation. Another example is the model (L) where we leave ω as free parameter and we made Ω ≡ Ω x = 1. The table (1) is arranged in order to display the models in ascending order of "discrepancy from χ 2 /d.o.f − 1". This preliminary quality of fit was measured in terms of the χ 2 analysis, where χ 2 is defined by
where [31] . All models in the table (1) that do not have ΛCDM in their names are models based on Rastall's theory and therefore in equation (34) . This fact is evidenced by the presence of γ in the equations that define them. In the next section we will consider better strategies for selecting models based on information criteria and Bayesian analysis.
Model selection
Some model selection methods are defined in terms of an appropriate information criterion, a mechanism well-founded theoretically that uses data to give a model a score, which leads to a ranked list of candidate models from the best to the worst [32, 33, 34] . Two of the most important of these information criteria are the Akaike information criterion (AIC) and Bayesian information criterion (BIC). The general formulas for models with vector parameterθ are AIC = −2 log L(θ|data) + 2p (36) and
where log L(θ|data) is the log-likelihood of the model, p is the number of parameters and n is the sample size. For models with normally distributed residuals, log L = − n 2 log χ 2 with χ 2 given by Eq. (35). The AIC and BIC criteria act as a penalized log-likelihood criterion, providing a balance between good fit (high value of log-likelihood) and complexity (complex models are penalized more that simple ones). These criteria punishes the models for being too complex in the sense of containing many parameters. The models with the lowest AIC and BIC scores are selected.
It is useful to briefly mention how these criteria behave in relation to their properties of consistency and efficiency. The comparison is based in the study of the penalty applied to the maximized log-likelihood value in a framework with increasing sample size. If we make the assumption that there are one true model that generates the data and that this model is one of the candidate models, we would want the model selection method to identify this true model. This is related to consistency. From [35] 
(our emphasis):
A model selection method is weakly consistent if, with probability tending to one as the sample size tends to infinity, the selection method is able to select the true model from the candidate models. Strong consistency is obtained when the selection of the true model happens almost surely.
When we do not assume that the true model is present among the proposed models, as we believe to be the case in most practical situations, including cosmology, we can assume that a candidate model is the closest to the true model in the Kullback-Leibler distance sense (see bellow) [33] . In this case [35] , · · · we can state weak consistency as the property that, with probability tending to one [as the sample size tends to infinity], the model selection method picks such a closest model.
From the foregoing we see that a strongly desirable condition for the use of a consistent criterion is to have a sufficiently large sample size. This fact, among others that will be mentioned below, makes us less likely to take the results very strictly for BIC, at least with the amount of data currently available for H(z).
Another desirable property of selection methods, efficiency, can be roughly described by [35] :
e might want an information criterion to posses is that it behaves "almost as well", in terms of mean square error, or squared error loss.
In [35] it is proved that · · · AIC is not strongly consistent, though it is efficient, while the opposite is true for the BIC.
Given the above assertion, it is useful to question whether a model selection method that contemplates both desirable properties, BIC consistency with AIC efficiency, exists. The answer is not, as proven in [36] . This means that when selecting a method to choose the best models, we are necessarily making a choice between consistency and efficiency. The optimal or most convenient choice is conditioned to the size of the sample n as well as to the world view of the researcher, as will be discussed in the section (6) .
We have seen that for BIC, the properties of consistency are defined (rigorously in [35] ) in terms of asymptotic properties related to sample size n. If this size is not "large enough", the practical validity of the theorems weaken.
For AIC something analogous occurs. In its derivation, an approximation is made that is valid for large sample sizes. A rule of thumb was proposed in [33] to define what would be a "sample size not large enough". Such a rule states that if n/p ≤ 40, the results for the AIC method may be less accurate. To mitigate this problem, a correction was proposed for the Akaike method, the so-called corrected Akaike information criterion, AICc, whose formula is given, under certain assumptions, by [33] 
AICc is essentially AIC with a greater penalty for extra parameters. Using AIC, instead of AICc, when n is not many times larger than p 2 , increases the probability of selecting models that have too many parameters, i.e., of overfitting. Due to the fact that we are using data with n = 41, we will use AICc as the criterion for selecting models based on Akaike.
AIC, AICc and BIC (collectively dubbed IC, from Information Criteria) are absolute numbers that have no significance when evaluated in isolation. What matters is the value of the difference of IC from two different models. In order to better characterize this fact, it is common to calculate ∆ i IC ≡ IC i − IC * , where we calculate the difference of IC values for two models, i and * , where the model * is established as the reference model. In this work we consider as reference model the standard model of cosmology, the ΛCDM model. These ∆ i IC are easy to interpret and allow a quick strength-of-evidence comparison of candidate models. According to [32] :
Some simple rules of thumb are often useful in assessing the relative merits of models in the set: Models having ∆ i ≤ 2 have substantial support (evidence), those in which 4 ≤ ∆ i ≤ 7 have considerably less support, and models having ∆ i > 10 have essentially no support.
Another useful tool for providing weights of evidence for each of the R = 11 (phenomenological models were excluded) models considered in the analysis are the Akaike weights w i given by [32] 
where ∆ i represents ∆ i AICc or ∆ i BIC. The w i from AICc can be interpreted as the probability of model i being, in fact, the best model in the sense of the Kulback-Leibler's (K-L) distance [32] . K-L information I(f, g) is the information lost when model g(x, θ) is used to approximate the "full reality or truth", f ; this is defined for continuous functions as the integral
The best model loses the minimum amount of information possible and Akaike's criterion seeks precisely this by minimizing the distance of K-L. All our data analysis results are shown in tables (1), (2) and (3), the latter in the appendix, and in figure (2) . Table  (1) shows all models with their parametrizations, table (2) presents the AICc and BIC measurements and their variants, and figure (2) presents a column chart to facilitate the general understanding of the hierarchy of models with regard to the rule of thumb. For the calculation of w i in table (2) we do not consider the weights relative to the phenomenological models (B) and (C). In the next section we will discuss the results. 
o.f closer to 1, with ΛCDM, our benchmark, emphasized. All models without ΛCDM in front of the name refer to the models that originated in Rastall's theory, as verified by the presence of γ in their respective equations.
Discussion
The most important result can be seen in Fig. (2) where almost all proposed models pass the test when we consider the AICc criterion.
The most demanding criterion, BIC, disapproves almost all, except the models (B), (G) and (I). Model (B) represents one of the phenomenological models, which by the way did very well again with the most recent H(z) data. The model (I) is very similar to the standard model, differing only by the inclusion of radiation. Some curves for a(t) for some models are shown in Fig. (3) , where the differential equations were solved numerically using the data of table (3). The model (G), a very good model according to both AICc and BIC, is analogous to the standard ΛCDM model but incorporates the constant γ = 1 (see table 3 ). Consider it seriously as well as all models with γ = 1 implies the real possibility of matter being created with the temporal variation of the gravitational field [26] . Exactly because it is analogous to the standard model, it has the drawback of inheriting all its conceptual problems related to the cosmological constant and also adding the problem of the observational verification of the creation of matter.
Models approved by the rule of thumb with BIC tend to be very restrictive. We will now consider some interesting possibilities involving AICc. Further discussion as to the appropriateness of these criteria will be made at the conclusion.
Models considered competitive relative to ΛCDM but that differ significantly from it (model (I) for example is only ΛCDM with radiation) are models (D), (E), (K), (F) and (J). All these models satisfies ∆AICc ≤ 2. Model (D) is the Rastall's version for the model ΛCDM with radiation [model (I)], and it better describes the observed data according to AICc. An undesirable property (in principle) of this model when adjusted to the data used is its negative value for Ω r and its large standard error (see table (3)). The use of more complete data other than H(z) may shed some light on this. In general, all models suffer from a high standard error in determining the constant γ, except model (K) where the problem is less severe. Fig. (3) shows that such a model predicts a slower expansion for a(t) when compared to ΛCDM. This model also presents an excellent value for the root mean square error (RMSE) [37] . In addition, this model is conceptually particularly attractive because it involves only the cosmological constant that originates in the creation of matter,Λ. If we could disassociate the accelerated expansion of the universe with a cosmological constant that originates from the energy of the vacuum, naturally some problems related to such a constant would be alleviated, if not fully resolved. Of course in this case we would only be switching the problem since we would have to observe the creation of matter. But perhaps this can be a fruitful exchange, since the problem of the cosmological constant has been resistant to the solution for several decades.
An interesting parallel can be drawn between the model (G), which is the manifestation a la Rastall of the standard model, and the model (K), the best manifestation of our desire to get away from the problem of the cosmological constant. It is not possible to obtain the model (K) starting from Rastall's theory as originally formulated. Model (G) is the closest model (from the standpoint of the standard model ΛCDM ) we would get that originates from Rastall's original theory, not obtained from a variational principle. The model (K) is the model that best characterizes the original aspect of Rastall's theory as proposed here, originated from a variational principle. We conclude that what allowed us to explain the accelerated expansion of the universe without using a cosmological constant from vacuum energy was the variational formulation of Rastall's theory.
Conclusion
In this paper we propose a formulation of Rastall's theory based on a variational principle. This task, simplified by recent theoretical developments in alternative models of general relativity, has allowed the proposal of a hierarchy of models not yet sufficiently studied. This hierarchy of models was built using model selection techniques based on information theory and Bayesian analysis. These criteria are complementary, although they have conflicting properties and it is difficult to establish which one should be preferred. Preference criteria in this choice are subjective and closely connected with the modeler's world view. Akaike information criterion is a class of model selection tools that provide the best predictive accuracy. Bayesian information criterion is a class of confirmation/falsification tools that are consistent. Which of them should be used?
When we mention two of the desirable properties of any model classification method, namely, efficiency and consistency, we have seen that such properties are excludents: a method that incorporates both is not possible. This state of affairs is best understood intuitively if we conceive the fact that such properties correspond to different world views. Let's characterize these world views as follows: i) Researchers with world view a believe that a very complex model, perhaps inaccessible to complete human understanding, produces the data. Because of this unknowability, they assume that p n and do not expect candidate models to correspond exactly to reality. The most they can hope for is selecting the model for better forecasting;
ii) For researchers with world view b , a relatively simple process, whose underlying objective reality is accessible, produces the data. The sample size of data, n, greatly exceeds the model parameter space (p n). One of the candidate models fitted to the data is actually equivalent to the true model that produced the data and so is the objective reality. The task of these researchers is more associated with model confirmation/falsification.
The model that best fits the data must be interpreted in different ways according to the a or b view assumed, implicitly or explicitly. In vision a , we will never find the truth, we can only find the model that maximizes predictive accuracy. In vision b , we really expect to find the correct model that describes objective reality as sample size grows. Akaike methods are appropriate for situations analogous to the world view a , and Bayesian methods are appropriate for situations similar to the world view b . It is the view of the authors of this paper, that the history and philosophy of science seem to support, that view a is more appropriate and realistic in physics and cosmology. Because of this we do not believe it is prudent to restrict the possibilities too much using BIC. This view stimulates and encourages us to further study the properties of models that contemplate the possibility of explaining the accelerated expansion of the universe via temporal variation of the gravitational field and the corresponding creation of matter, as in model (K). Table 3 : Parameters of the H(z) fitted. RMSE is the Root Mean Square Error [37] .
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